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Geometric algebra...

e Makes things intuitive
o Generalizes “weird” phenomena
» Cross product
» QQuaternions for rotation
» A lot of physics
e Provides a more powertul framework than linear algebra
» You can add scalars and vectors (sort of)!



Geometric Primitives
For now, consider 2D space. Let & = (1,2)" and 7 = (3,0)":

y
/ s

Then, we define their wedge product, A := u A v:

/ﬁ A=UAT

as the oriented 2D area formed by joining the two vectors. We call
A a bivector. Note that A has an area and an orientation.
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The wedge product is anti-commutative, i.e. 4« A v = —U A u. This
can be visualized as the orientation of the two bivectors these wedge
products form:

/ﬁam/ B=3UA%
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In fact, the wedge product is uniquely determined by the magnitude

and orientation. The following two bivectors are equivalent:

>

AVau

In other words, shape does not matter.




More Intuition for Wedge Product

We can infer two more properties about the wedge product:
1. The wedge product is bilinear.
2. For parallel u, v, we have that u A v = 0.

Hence, let e, e, be the standard basis vectors of R%2. We can express
the wedge product of 4,7 € R? in terms of these basis vectors:

’Zi A\ ’I_J) = (’Z)Llel -+ 77/262) A\ (6161 -+ 6262)

= U Uy(ey A eg) + Uyt (eg Aeg)

= U Us(e; N ey) — UyTi(eg Aey)
= (ﬂ1?72 — ﬂ261)(61 N 62)

Since e; A e; forms the unit square, we can see that the area of
U A\ U equals By, := Uy — Uyt = sin(0)|u||v|. Furthermore, 4 A ¥
form the unit square scaled by By,.



2D — 3D

For now, bivectors are analogous to planes. In 3D space, bivectors
have three components, instead of one. Let e, e5,es be the stan-
dard basis of R3.

Vectors and bivectors in 3D:

a
/l_j — ’U161 —I_ U262 _I_ U363
B = By(e; ANey) + 313(61 A 63) T B23(62 A 63)



For a 3D bivector, B = Bjy(e; Aey) + Bis(e; A es) + Bays(ey A €s),
the components B,; are the projections of B onto the basis planes:

By = U Uy — Uy



Now introducing...

The Geometric Product



The Geometric Product

At the heart of geometric algebra is the geometric product:
UV =1U-v+uUANv
Similar to how an imaginary number has a real and imaginary part,

the geometric product is a multivector; it has a scalar and bivec-

tor part.

Let 4 be a vector, and let e;, e; be distinct basis vectors:

Let 4,7 € R?. Explicitly, their geometric product is:

+ Uy Ty + U3z + (U Ty — Uy )(€g A €5)

1
+(U, U3 — Uz¥y ) (eg A e3) + (tgls — Ugly)(ey A e3)



Imaginary Numbers?

We return to R?. Let e, e, be the basis vectors, and 7 := e;e,.

Let ¥ = ae; + be,. Then,

Ui = ae, — be{, 1V = —ae, + bey
Ui
U
//
-
10
2 2 L . . . .
Note that i = (eje5)” = —eye €16, = —1, just like imaginary num-

bers!



Imaginary Numbers?

In R3, we have the orthonormal basis ey, e,, €5, and i := e;e,e5. This
value is a trivector, and it looks the unit cube (with orientation).

Here, © commutes with any multivector A. Note that el = e,eq and

Remarkably, 4 A ¥ = i(u X U).



The Geometric Product

Quaternions?

If p, q are unit quaternions, then rotation of ¥ by pgq is quU(pq)_l.
This looks a lot like rotation using rotors, but rotors are easier to
understand.

Let x = ejeq,y = €1€5,2 = e5€4:

(61“32)2 = (6163)2 = (6263)2 = (e1€3)(e1€3)(ege3) = —1

i =452 =k? =ijk=—-1
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Quaternions?

In computer graphics, the geometric product can be used to encode
3D rotations. Let v, 6,5 be linearly independent vectors. The reflec-
tion of v about a is given by:

R.(%) =79—2(%-ad)a

— 2

cl

1 —— - — —
= —(va + av))a
2
= ¥ — ¥a* — dva

= —ava
Likewise, reflecting about a then about b is given by:
R;(R;(¥)) = —b(—ava)b = bavab

This encodes the rotation in the plane formed by 5,7) by 2/db. The
product ab is called a rotor.



Physical Applications



Physics Made Intuitive

In 2D, a bivector is a pseudoscalar. Likewise, trivectors are 3D
pseudoscalars. This is because the basis of bivectors in 2D has one
element, and the basis of trivectors in 3D have one element.

For example, consider torque, 7 =7 X F"

—

F

—

For some reason, 7 points out of the page. But consider i7:

=

Which makes a lot more sense, in my opinion.



Physical Applications

Maxwell’s Equations

Recall Maxwell’s equations, which describe electromagnetism.

However, with geometric algebra, this can be made a lot simpler.
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Maxwell’s Equations
We can add scalars and vectors now, so let’s define a new gradient
and some new variables.

10 =
V=-——+4V
cc‘?t—I_
18+8A 8A_|_<9A
= —— 4+ —I+ — —Z
cOt Ox 5‘yy 0z
J:cp—j
F=E+iB

This gives us a new statement of Maxwell’s equations...



\d



Generalizing to
Higher Dimensions



What happens when we go above 3D7

What is the geometric product of two bivectors?

(Bivector)(Bivector) = Scalar + Bivector + 4-vector

This breaks our uv = u - v + u A U rule! Turns out, most of the time
Uv #+ U - U+ u AU. In general:

(r-vector)(s-vector) = (|r — s|)-vector

+(|r — s| 4+ 2)-vector

+(|r — s| 4+ 4)-vector

+(|r + s|)-vector

This gives us the general form for the geometric product, between
any vectors in any dimension.



Let’s reflect...



Let’s reflect...

e In geometric algebra, you think about oriented magnitudes
e A lot of physical phenomena are pseudoscalars
e I lied to you guys in the abstract

Let V be a vector space with a symmetric bilinear form B : V X
V — K, where K is a field. Say ® is the tensor product of u,v € V,
and consider the ideal J(V, B) generated by elements of the form
v®w+ w®v—2B(v,w)l. Then, consider T(V):=€, _, Tk(V),
where T*(V) =V ® V...®V is the k-fold tensor product. Natu-
rally, the Clifford (Geometric) algebra of V is the quotient:

C(Vv,B)=T((V)/d(V,B)

Note that this is similar to the exterior algebra, which is
T(V)/J(V,B), where J(V, B) is the ideal generated by elements of

the form v @ w4+ w K v.



Thanks to the...

Mathematics Endowment Fund

for funding my broke a**,



	Geometric algebra…
	Geometric Primitives
	More Intuition for Wedge Product
	2D → 3D

	The Geometric Product
	The Geometric Product
	Imaginary Numbers?
	Imaginary Numbers?
	Quaternions?
	Quaternions?

	Physical Applications
	Physics Made Intuitive
	Maxwells Equations
	Maxwells Equations

	Generalizing to Higher Dimensions
	What happens when we go above 3D?

	Lets reflect…
	Lets reflect…
	Thanks to the…
	for funding my broke a**.

